The hybrid regularization technique developed at the Institute of Mathematics of Potsdam University (IMP) is used to derive microphysical properties such as effective radius, surface-area concentration, and volume concentration, as well as the single-scattering albedo and a mean complex refractive index, from multiwavelength lidar measurements. We present the continuation of investigations of the IMP method. Theoretical studies of the degree of ill-posedness of the underlying model, simulation results with respect to the analysis of the retrieval error of microphysical particle properties from multiwavelength lidar data, and a comparison of results for different numbers of backscatter and extinction coefficients are presented. Our analysis shows that the backscatter operator has a smaller degree of ill-posedness than the operator for extinction. This fact underlines the importance of backscatter data. Moreover, the degree of ill-posedness increases with increasing particle absorption, i.e., depends on the imaginary part of the refractive index and does not depend significantly on the real part. Furthermore, an extensive simulation study was carried out for logarithmic-normal size distributions with different median radii, mode widths, and real and imaginary parts of refractive indices. The errors of the retrieved particle properties obtained from the inversion of three backscatter (355, 532, and 1064 nm) and two extinction (355 and 532 nm) coefficients were compared with the uncertainties for the case of six backscatter (400, 710, 800 nm, additionally) and the same two extinction coefficients. For known complex refractive index and up to 20% normally distributed noise, we found that the retrieval errors for effective radius, surface-area concentration, and volume concentration stay below approximately 15% in both cases. Simulations were also made with unknown complex refractive index. In that case the integrated parameters stay below approximately 30%, and the imaginary part of the refractive index stays below 35% for input noise up to 10% in both cases. In general, the quality of the retrieved aerosol parameters depends strongly on the imaginary part owing to the degree of ill-posedness. It is shown that under certain constraints a minimum data set of three backscatter coefficients and two extinction coefficients is sufficient for a successful inversion.
INTRODUCTION
Atmospheric aerosol particles influence the Earth's radiation balance both directly by scattering and absorbing solar radiation and indirectly by acting as cloud condensation nuclei. For that reason, the chemical and physical properties of aerosols are needed to estimate and predict direct and indirect climate forcing. 1 Information on particle extinction and backscatter coefficients at multiple wavelengths can be delivered by instruments of different lidar systems. [2] [3] [4] With this optical information, microphysical properties of aerosols can be inverted. The inversion problem in a mathematical sense is nonlinear and ill-posed. Its solution requires the application of appropriate mathematical regularization methods; see Refs. 5-7. In this contribution we considered general mathematical aspects concerning the inversion of multiwavelength lidar data. Two questions were in the focus of our studies; i.e., what is the stability of the regularization method concerning the retrieval of the number and volume distribution of particle size distributions, and second, what is the degree of ill-posedness of the underlying mathematical model in dependence of the refractive index?
In a second step we present the performance character-istics of the inversion algorithm developed at the Institute 13 European countries delivered routine observations of optical aerosol properties. For this reason, there is great interest to obtain detailed characterization of the physical particle properties from that enormous data set. One lidar station, which is at the Institute for Tropospheric Research [(IfT) Leipzig, Germany], additionally has a second device, namely, a multiwavelength Mie-Raman lidar that provides backscatter coefficients at six wavelengths and extinction coefficients at two wavelengths. 3 This lidar delivers three additional backscatter coefficients at 400, 710 and 800 nm.
Therefore, in our extensive simulation study of retrieving microphysical properties from lidar observations, we paid attention to the number of backscatter and extinction coefficients used. For this reason, first we investigated data combinations of three backscatter and two extinction coefficients, and then we compared our retrieval results with the same coefficients plus the additional three backscatter coefficients. Starting from a variety of size distributions and refractive indices, we calculated the backscatter and extinction coefficients at the wavelengths mentioned above by using a Mie-scattering code. 9 The particle parameters inverted from the synthetic lidar data were then compared with the input data.
Since all experimental data sets suffer from measurement errors, we tested the stability of the inversion with respect to erroneous lidar data by adding noise to the synthetic lidar data before inverting them. We have chosen different levels of normally distributed noise, namely, 5%, 10%, 15% and 20%, for our simulation analysis.
The results of measurements by different investigators give us an impression about the possible variability of aerosols in the atmosphere. Refractive indices vary considerably for different aerosol species. The real and the imaginary parts of black carbon, for example, range from Ϸ1.75 to Ϸ1.96 and from Ϸ0.44 to Ϸ0.66, respectively, for wavelengths of visible light. [10] [11] [12] For organic carbon, on the other hand, real parts of the refractive index between 1.44 and 1.55 are found in the literature. 13, 14 Sulfate species relevant for the atmosphere are reported to have real parts ranging from Ϸ1.43 to Ϸ1.53. 10, 11, 13, 15, 16 Only Ref. 15 lists imaginary parts different from zero for sulfates, namely, of the order of 10 Ϫ8 . For sea-salt and dustlike particles, refractive indices around 1.5 ϩ 1 ϫ 10 Ϫ8 i and 1.53 ϩ 8 ϫ 10 Ϫ3 i in the visible range, respectively, are given in the literature. 15, 17 The size of aerosol particles ranges from a few nanometers to several hundred micrometers. However, particle size distributions are very different for different kinds of aerosols. Some illustrative examples are pollens (10-100 m), sea salt (1-10 m), or diesel soot (Ϸ0.1 m). 18 Aerosol size distributions are often divided into different size classes. Frequently used is the classification into transient nuclei (or Aitken), accumulation, and coarse modes; the first two modes together are referred to as the fine mode. The limit between the fine-particle and the coarse modes ranges from 1 to 2.5 m in diameter, depending on the definition, whereas 100 nm is a common boundary between the nuclei and the accumulation modes.
Monomodal logarithmic-normal distributions are used to describe the particle-number size distributions:
where N t , , and r med denote the total number concentration, the mode width, and the median radius, respectively. The detectable aerosol size range is limited for measurements with lidar systems. 19 The reason is that only particles with radii of the same order of magnitude as the measurement wavelengths (355 to 1064 nm) possess particle-size-dependent scattering efficiencies. Therefore, e.g., pollens cannot be observed with lidar systems. For that reason, for our extensive simulations we choose real parts in a range from 1.4 to 1.8, imaginary parts from 0 to 0.5, median radii from 0.05 to 0.3 m, and mode widths from 1.4 to 1.8.
This paper is organized as follows. After describing the mathematical background in Section 2, we discuss our results of the theoretical mathematical aspects in Section 3. In Section 4 we study several measurement situations with simulated noiseless and noisy data. Finally, we present the retrieval results from a measurement case. Section 5 summarizes our conclusions. Appendix A closes the paper with a description of the developed software package.
MATHEMATICAL BACKGROUND
This paper is a continuation of the investigations of the IMP technique. Thus we only briefly summarize the main points of the algorithm. A detailed review of the hybrid regularization technique is given in Ref. 5 .
The IMP inversion algorithm allows us to derive microphysical particle properties from multiwavelength lidar measurements. The mathematical model that relates the optical and the physical particle parameters consists of a Fredholm system of two integral equations of the first kind for the backscatter and extinction coefficients:
where r denotes the particle radius, m is the complex refractive index, s is the shape of the particles, r 0 and r 1 represent suitable lower and upper limits, respectively, of realistic particle radii, is the measurement wavelength, z is the height at which the scattering process occurs, n is the particle number distribution, and K n is the backscatter and K ext n is the extinction number kernel. The ker-nel functions reflect shape, size, and material composition of the particles. In the framework of this paper, homogeneous spherical particles, i.e., Mie scattering theory, 20 are used under the assumption that small particles in a first approximation behave as spherical scatterers. 9 ⌫ stands for the backscatter coefficient ␤ or the extinction coefficient, ␣ depending on the measurement data.
The following formulas hold for back-and extinction scatter efficiencies of homogeneous spheres
where k is the wave number defined by k ϭ 2/ and a n and b n are the coefficients that can be derived from the boundary conditions for the tangential components of the waves.
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Equation (2) can be reformulated into a more specific form:
where the v(r, z) term is the volume distribution we are looking for, instead of the number distribution n(r, z) in Eq. (2) . K /ext v are the volume kernel functions for backscatter and extinction, respectively. Throughout the paper we assume that the height z is kept at a fixed value and therefore can be omitted. The determination of the volume distribution v as well as the number distribution n from a small number of backscatter and extinction measurements is an ill-posed inverse problem. (4) for backscatter and extinction, respectively. The refractive index is always m ϭ 1.5 ϩ 0i. Very roughly speaking, the problem is more ill-posed if the surface shape of the kernel function is smoother. 21 In the domain of interest between 300 and 1100 nm for the wavelength and from 0.1 to 2 m for the particle radius, the volume kernel is not as smooth as the number kernel. For that reason, we prefer to invert the operators in Eq. (4) . More details about the degree of ill-posedness are presented in Section 3.
Moreover, because the refractive index m in the volume kernels K /ext v is an unknown quantity, too, the problem is a highly nonlinear one. In solving such problems without the introduction of appropriate mathematical tools such as a suitable discretization and regularization, the putative results would be highly oscillating; see Ref. 22 .
The inversion process consists of four steps. The first regularization step in the IMP method is performed with discretization, in which the investigated distribution function is approximated with variable B-spline functions. The projection dimension (number of base function) and the order of the B splines used serve, roughly speaking, as regularization parameters. In the second step, regularization is controlled by the level of truncated singular-value decomposition (SVD) performed during the solution process of the resulting linear equation system. To reduce the computer time, we used a collocation projection. For more details, see Refs. 5 and 23. Third, the highly nonlinear problem of the complex refractive index as a second unknown is handled by introducing a grid of wavelength-and size-independent mean complex refractive indices and by enclosing the area of possible real/ imaginary-part combinations through inversion and backcalculation of optical data. Finally, the mean and integral properties of the particles such as total surfacearea concentration a t , total volume concentration v t , and effective radius r eff are calculated from the inverted particle volume distribution by the formulas
Moreover, the inverted particle volume distribution and the (inverted or known) refractive index are used to calculate the scattering and extinction coefficients, scat and ␣, from which the single-scattering albedo , defined as ϭ scat /␣, is computed.
DEGREE OF ILL-POSEDNESS
This section deals with a theoretical study of the degree of ill-posedness of the operators [Eq. (4)]. Such investigations in the framework of lidar applications are made for the first time, to our knowledge. The theoretical results are very useful because we found a dependence on the refractive index and the findings show the importance of the backscatter coefficients in retrieving the particle size distribution. First, for a better understanding, we explain some terms. Every square-integrable kernel of a linear integral operator such as Eq. (4) has a singular-value expansion (SVE) that is a mean convergent expansion of the form
where ͕u i , v i ͖ are the left and right singular functions of the kernel and i are the singular values. 24 The behavior of the singular values and functions is strongly linked to the properties of the kernel. Roughly speaking, the smoother the kernel, the faster the singular values i decay to zero, where smoothness is measured by the number of continuous partial derivatives of the kernel. 25, 26 The smaller the i , the more oscillations in the singular functions u i and v i occur; see Fig. 2 . Under some assump-
where p is the number of continuous partial derivatives with respect to the second variable (the wavelength).
First, we observe the operators [Eq. (4)] only very roughly. The inversion of the Mie backscatter volume kernel is potentially interesting because the kernel is highly oscillating in the case of weak particle absorption; i.e., the imaginary part of the refractive index is small; see Fig. 1(c) . The strong oscillating component of the kernel suggests that the classic instability, which is caused by the smoothing out of fast oscillatory components in the solution space, may not occur. One can expect that p is only a small value. However, in practice, the oscillation of the kernel occurs on such a small scale that the particle distribution would need to be computed SVE is a powerful analysis tool, but unfortunately an analytical solution exists only for a limited number of cases. However, approximations to SVE can always be computed numerically when Eqs. (2) and (4) are discretized by means of the Galerkin method followed by computation of the SVD of the matrix obtained in this way. 28 The same statement applies to the analytical determination of the numbers p or , respectively, for the lidar kernels in Eqs. (2) and (4) . If at all possible, it is a hard task. For that reason, we decide to deal with numerical approximations for the number , too.
Before we determine numerically the degree of illposedness for the operators [Eq. (4)], we give some references as to how to compute the singular values and the values numerically. One chooses orthonormal bases ͕ 1 ,..., n ͖ and ͕ 1 ,..., n ͖ in the spaces L 2 (I ) and L 2 (I r ), respectively, and defines a matrix A with elements
The expression ͗•, •͘ denotes the scalar product in the real space L 2 (I ) and K represents the integral operator. Then the SVD of A immediately gives approximations to the SVE of the kernel. Let A R nϫn be a square matrix. The SVD of A is a decomposition of the form
where U ϭ (u 1 ,...,u n ), V ϭ (v 1 ,...,v n ) R nϫn are matrices with orthonormal columns and the diagonal matrix D ϭ diag( 1 ,..., n ) has nonnegative diagonal elements that appear in nonincreasing order such that 1 у 2 у ... у n у 0. The numbers i Ͼ 0 are the singular values of A, whereas the vectors u i and v i are the left and right singular vectors of A, respectively. In connection with discrete ill-posed problems, two characteristic features of the SVD are very often found. First, the singular values decay gradually to zero with no particular gap in the spectra. An increase of the dimension of A will only increase the number of small singular values as, for example, in our application to lidar data; see Fig. 3 . That means almost all information of the operator is contained in the first few summands of Eq. (6); i.e., the discretization dimension of Eq. (4) can be kept low. Second, the left and right singular vectors tend to have more sign changes in their elements as the index i increases, i.e., i decreases; see Fig. 2 . This means that only the first few singular vectors are needed for retrieving a good numerical approximation of the volume distribution without high oscillations. Both features are consequences of the fact that the SVD of A is closely related to the SVE of the underlying kernel. 24, 29, 30 The singular values j of K are approximated by the algebraic singular values j of A. In detail, the n singular values i (n) of A n,n are approximations to the first n singular values i of the kernel. Moreover, we introduce the functions 
Those functions are approximations to the first n left and n right singular functions of the kernel. We compute the double integrals in Eq. (7) by Simpson's numerical quadrature scheme. In that case we can expect that the quadrature errors do not exceed the approximation errors caused by the base functions. With increasing dimension n, the singular values i (n) (where n is the number of base functions) are increasingly better approximations to the true singular values i . 28, 31 In other words, it holds that
( 1 1 ) The true singular values i of K are bounded by the computed singular values i
as follows: 
Let the lower and upper limits of particle radius and laser wavelength r 0 ϭ 0.001 m, r 1 ϭ 5 m, 0 ϭ 300 nm, and 1 ϭ 1100 nm, which are real-life domains with re- spect to application in research with lidar; see Section 1. Then the formulas give second-order approximations to the singular values i ; see Fig. 3 .
Applying the theoretical study, we determined the condition numbers 24 c(n) ϭ ʈA n,n ʈ ʈA n,n Ϫ1 ʈ (n ϭ 10, 15, 20, 25, 30) and, by a numerically weighted nonlinear leastsquares fit, an approximation to the degree of illposedness for the two volume kernels of Eq. (4) for two qualitatively different refractive indices m 1 ϭ 1.5 and m 2 ϭ 1.5 ϩ 0.5i; see Figs. 3(a)-3(d) . In general, the volume kernels are moderately ill-posed, since is between 2.25 and 9.10. A closer look shows that the degree of illposedness of the extinction volume kernel is higher, see Figs. 3(b) and 3(d) , than that of the backscatter volume kernel; see Figs. 3(a) and 3(c) . Moreover, if the absorption of the particles is strong, then the degree of illposedness grows rapidly; see Figs. 3(c) and 3(d) . Realizing the logarithmic scale in Fig. 3(d) , one can see that the singular values are almost located on a straight line. Therefore this extinction volume kernel with strong particle absorption is almost severely ill-posed. As one expects, the condition numbers grow with n, and they show the same behavior as the degree for fixed n. The matrices are always highly ill-conditioned.
Figures 2(a) and 2(b) show qualitatively six approximations of the right singular functions v i , i ϭ 1, 5, 10, 15, 20, 25, of the volume backscatter kernel and the typical behavior that the higher the index i, the more components with high frequencies are present in v i . Owing to the higher degree of ill-posedness, it seems somewhat likely that the behavior of the oscillations is more unstructured in the case of strong particle absorption; see Fig. 2(b) .
Finally, with respect to the evaluation of lidar measurements it is necessary to know how the degree of illposedness depends on the real and imaginary parts of the refractive index of the particles, m ϭ m R ϩ m I i. This dependence is shown in Fig. 4 . On the one hand, there is no significant influence of the real part in the real-life domain between 1.3 and 1.7; see Fig. 4(a) . On the other hand, the imaginary part in the domain between 0 and 0.5, which determines particle absorption, has a very important influence on the degree of ill-posedness. The degree increases rapidly between m I ϭ 0 and m I ϭ 0.25; see Fig. 4(b) .
SIMULATION AND MEASUREMENT RESULTS
We have divided our extensive simulation study into two parts. First, we assume that the refractive index is known for the inversion of the synthetic lidar data. The investigation is concentrated on an error analysis of the retrieval of microphysical parameters. The second part of the investigation focuses on the retrieval errors in the case where the refractive index is assumed unknown for the inversion. Monomodal logarithmic-normal distributions are used for both cases to describe the particlenumber size distributions; see Eq. (1). In the last part of this section we present the result on a measurement case.
The total number concentration N t was set to 1 for all size distributions used for the simulation study, since it only scales the values of all derived optical properties in an equal way. The values and r med as well as the corresponding integral properties are given in Table 1 .
To give an impression of how the simulation works, we present in Fig. 5 a flow chart for the second case with unknown refractive index. For the first case with known index, the process is similar.
A. Simulations with Known Refractive Index
By combining the size distributions given in Table 1 with the real parts 1.4, 1.55, and 1.7 and the imaginary parts 0.0, 0.005, 0.01, 0.05, 0.1, and 0.5 of the refractive index, we calculated 90 synthetic lidar data sets for the ''3 ϩ 2 case'' and the ''6 ϩ 2 case.'' The 3 ϩ 2 case stands for backscatter coefficients at ϭ 355, 532, and 1064 nm and extinction coefficients at ϭ 355 and 532 nm, and the 6 ϩ 2 case stands for backscatter coefficients at ϭ 355, 400, 532, 710, 800, and 1064 nm and extinction coefficients at ϭ 355 and 532 nm. For the inversion the synthetic lidar data were imposed with 0% (exact case), 5%, 10%, 15%, and 20% of normally distributed noise. For each noise level, ten different inversions were performed to increase the statistical significance. Figure 6 shows the mean relative errors of the inverted parameters as a function of the noise level for the inversion with known refractive index. The uncertainty bars correspond to the standard deviation. In the noiseless case and for 6 ϩ 2 coefficients, the errors are approximately 2.5% for effective radius, surface-area concentra- Fig. 4 . Degree of ill-posedness of the backscatter and extinction volume kernels in dependence on the real and imaginary parts of the refractive index. There is (a) no significant influence of the real part but (b) significant influence of the imaginary part.
tion, and volume concentration and approximately 0.2% for the single-scattering albedo. The single-scattering albedo is mainly influenced by the imaginary part of the refractive index, which is known in the present case. For the case of 3 ϩ 2 coefficients, the errors slightly increase but stay below 5% and 0.4%. With increasing noise on the data, the retrieval errors grow. In the case of 20% noise, the uncertainty is approximately 15% and 2% for the integrated microphysical properties and the singlescattering albedo, respectively, for both the 3 ϩ 2 case and the 6 ϩ 2 case. It can be seen that-as soon as the lidar data become erroneous-the three additional backscatter coefficients of the 6 ϩ 2 case do not significantly lower the errors of the inversion results. Figure 7 shows, for the example of the volume concentration, another feature of the retrieval error, namely, that it depends strongly on the imaginary part of the refractive index. It stays below 3% up to an imaginary part of Ϸ0.15, after which it rapidly increases. After reaching a maximum of Ϸ14% for an imaginary part of Ϸ0.25, it decreases again and levels off at Ϸ8%. In comparing Figs. 4(b) and 7, one notices that the shape of the curves is similar; i.e., there exists, as one suspects, a correlation between the degree of ill-posedness and the retrieval error. The break between 0.2 and 0.25 occurs very clearly in both curves. Therefore one has to be careful about inverting optical data for cases of highly absorbing particles.
Finally, we have to remark that we could not find a significant influence of different real parts of the refractive index on the results in the simulation study. This finding correlates with the behavior of the degree of ill-posedness in Fig. 4(a) .
B. Simulations with Unknown Refractive Index
Since the retrieval errors do not depend significantly on the real part of the refractive index, we used for this part of the simulation study only one unknown real part, namely, 1.55. Noise levels of 0%, 5%, and 10% were investigated. We consider the 6 ϩ 2 case first. In the noiseless case the retrieval errors vary around 10% for effective radius, volume concentration, and the imaginary part of the mean refractive index. For the singlescattering albedo the error is less than 3%; see Figs. 8 and 9. For a 10% noise level the retrieval errors are between 20% and 30% for effective radius, volume concentration, and imaginary part of the refractive index and around 6% for the single-scattering albedo. For the 3 ϩ 2 case and noiseless data, the retrieval errors vary from 10%-20% for effective radius, volume concentration, and the imaginary part of the refractive index. For the singlescattering albedo the error again is less than 3%; see Figs. 8 and 9. For a noise level of 10% the retrieval errors are 20%-30% for effective radius and the volume concentration, whereas it is approximately 35% for the imaginary part. The error for the single-scattering albedo is around 6%. We find the same result with respect to the importance of the three additional backscatter coefficients as in the previous case with known refractive index. As soon as the lidar data are erroneous, the three additional backscatter coefficients of the 6 ϩ 2 case do not significantly lower the errors of the inversion results. But it must be emphasized that for the case of unknown refractive index the noise level has to be limited rather well below 10% or else the hybrid regularization method would become unstable again.
C. Results from Measurement Data
The performance of the algorithm was finally tested for a set of experimental data. The data were obtained from For the inversion we selected optical data in the height range of 1800-2700 m. Optical depth in this height range was 0.28 at 355 nm and 0.13 at 532 nm. The particle angstrom exponent describing the extinction spectrum within the wavelength interval 355-532 nm was approximately 1. Figure 10 presents the solution domain of the refractive index. The result with respect to the imaginary part of the refractive index is visualized on the horizontal axis. The trace shows the retrieval error for different values of the imaginary part assumed in the inversion. There is a clear minimum range around 0.005i. This value was accepted as the result. 3 ) and the imaginary part of the refractive index (0.003 Ϯ 0.003). Although the effective radius (0.19 Ϯ 0.04 m) determined with the IfT algorithm is larger, the single-scattering albedo, which is a key parameter regarding radiative forcing of aerosol particles, agrees very well (0.97 Ϯ 0.03); see Table 2 .
From this comparison we may conclude that the IMP method can be used for the retrieval of microphysical parameters on the basis of a minimum set of measurement wavelengths, i.e., backscatter coefficients at three wavelengths and extinction coefficients at two wavelengths.
CONCLUSION
Our extensive mathematical and simulation analysis of the IMP hybrid regularization technique shows that it is possible to derive microphysical aerosol parameters by using a data set that consists of a minimum of particle backscatter coefficients at three wavelengths (355, 532, and 1064 nm) and extinction coefficients at two wavelengths (355 and 532 nm). Our theoretical investigations show that the backscatter coefficients are very important and useful in the inversion process, because of the better degree of ill-posedness of the underlying equations and, therefore cannot be omitted. Although the degree for the extinction coefficients is worse, we found that these coefficients stabilize the inversion process. Additionally, our theoretical examinations prove our findings of the simulations, that the inversion process becomes more complicated in cases with strongly absorbing particles.
In the realistic simulation case with unknown refractive index and 3 ϩ 2 coefficients, we assumed correct data as well as errors up to 10%. Uncertainties in the retrieved size parameters (effective radius, volume concentration) are approximately 15% and 25%, respectively, those of the real part of the refractive index are 2% and 3%, respectively, and those of the imaginary part are 15% and 35%, respectively. The single-scattering albedo was retrieved to an uncertainty of 3% and 6%, respectively. The inversion of an experimental data set showed performance characteristics of the inversion algorithm similar to those found during the simulations with synthetic data. For that reason, we assume that the code worked well under these realistic conditions.
APPENDIX A
We developed a software package (alpha version) to calculate microphysical aerosol parameters from measurements or simulated data. At the beginning of a simulation input, every parameter (wavelength, refractive index, type of aerosol, number distribution, noise, grid parameter; see also Fig. 5 ) is fed into the code through the parameter interface. Noise can be added to synthetic data, and multiple runs are possible. Any amount of calculations can be specified in order to keep the computer busy over several days. The software writes checkpoints regularly, so the calculation state can be recovered in the case of a crash. At any time the calculation can be stopped and the current state can be saved so that the calculations can be resumed later. If the calculation is finished, a result browser provides a visual evaluation of the results. Figure 11 shows a screen shot with results of a calculation on a 40 ϫ 40 grid for the complex refractive index. In the case of such a calculated grid (case with unknown refractive index), the result is shown in terms of a matrix-like result plot, such as the one shown in the left-hand side of Fig. 11 . The right-hand plot insert depicts the volume distribution function (minimum solution) from the corresponding minimum point in the matrix. This minimum point is defined as the best grid point in the following sense: After backcalculation of the retrieved regularized solutions at each grid point, the best one is that point where the absolute or relative error in relation to the input data is smallest. A number of points from the matrix (the solution domain; see also Fig. 10 ) can be specified, from which then the mean refractive index, the microphysical parameters, and the singlescattering albedo are recalculated.
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